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Abstract. In this paper we describe an algorithm for producing infinitely 
many examples of set- theoretic complete intersection monomial curves in P n + 1 , 
starting with a single set-theoretic complete intersection monomial curve in P™. 
Moreover we investigate the numerical criteria to decide when these monomial 
curves can or cannot be obtained via semigroup gluing. 



1. Introduction 

It is well known that a variety in an n-space can be written as the intersection 
of n hypersurfaces set theoretically, see [4]. It is then natural to ask whether 
this number is minimal. A curve in n-space which is the intersection of n — 1 
hypersurfaces is called a set-theoretic complete intersection, s.t.c.i. for short. If 
moreover its defining ideal is generated by n—1 polynomials, then it is called an ideal 
theoretic complete intersection, abbreviated i.t.c.i.. Determining set-theoretic or 
ideal-theoretic complete intersection curves is a classical and longstanding problem 
in algebraic geometry. An associated problem is to give explicitly the equations of 
the hypersurfaces involved. When the characteristic of the field K is positive, it is 
known that all monomial curves are s.t.c.i. in P™, see |S]. However the question 
is still open in characteristic zero case despite the tremendous progress in this 
direction, see for example 0[6l[16] and the references there for some recent activity. 

The purpose of the present paper is to describe a method to produce infinitely 
many s.t.c.i. monomial curves starting from one single s.t.c.i. monomial curve, see 
section 4. Our approach has the side novelty of describing explicitly the equations 
of hypersurfaces on which these new monomial curves lie as s.t.c.i.. On the other 
hand, semigroup gluing being one of the most popular techniques of recent research, 
we develop numerical criteria to determine when these new curves can or cannot be 
obtained via gluing, see section 3. In the last section we discuss several consequences 
and variations of these results. 



2. Preliminaries 

Throughout the paper, K will be assumed to be an algebraically closed field of 
characteristic zero. By an affine monomial curve C(mi, . . . , m n ), for some positive 
integers mi < • • • < m„ with gcd(mi, . . . , m„) = 1, we mean a curve with generic 
zero (v mi , . . . ,w m ") in the affine n-space A™, over K. By a projective monomial 
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curve C(toi, . . . , m n ) we mean a curve with generic zero 

(u m ™ , u" 1 "-" 1 ^™! , . . . , u m n -m n -i v m n -i ^ ^Wn) 

in the projective n-space P n , over X. Note that C(mi, . . . , m„) is the projective 
closure of C(mi, . . . , m„). 

Whenever we write C C P" to simplify the notation, we always mean a mono- 
mial curve C(mi, . . . , 777„) for some fixed positive integers mi < • • • < m n with 
gcd(mi, . . . ,m n ) = 1. 

Let m be a positive integer in the numerical semigroup generated by mi, . . . , m„, 
i.e. 777 = sitoi + • • • + s n m n where si, . . . , s n are some non-negative integers. Note 
that in general there is no unique choice for si, . . . , s n to represent m in terms of 
mi, . . . ,777„. We define the degree 8(m) of m to be the minimum of all possible 
sums si + ■ ■ ■ + s n . If £ is a positive integer with gcd(£, m) = 1, then we say that 
the monomial curve C(£mi, . . . , £m nj m) in P™ +1 is an extension of C. We similarly 
define C(£mi, . . . , £m n , m) to be an extension of C = C(toi, . . . , m n ). We say that 
an extension is nice if <5(m) > £ and fead otherwise, adopting the terminology of pQ. 

When the integers mi, . . . , m n are fixed and understood in a discussion, we will 
use C£ jT „ to denote the extensions C(£mi, . . . ,£m n ,m) in P" +1 , and use CV, m to 
denote the extensions C(£mi, . . . , £m n , m) in A n+1 . 

2.1. Extensions of Monomial Curves in A". Let C — C(jn\, . . . , m n ) be a 
s.t.c.i. monomial curve in A™. In this section, we show that all extensions of 
C, in the sense defined above, are s.t.c.i. For this we first define, for any ideal 
/ C K[xi, . . . , Te(I) to be the ideal which is generated by all polynomials of 
the form T e (g), where T e (g(xi, . . . ,x n +i)) = g(x 1} . . . ,x n ,x l n+1 ), for all g e I. We 
use the following trick of M. Morales: 

Lemma 2.1 ([9l Lemma 3.2]). Let Yg be the monomial curve C(£m\, . . . , £m ni m n+ i) 
in A n+1 . Then I(Y e ) = r^(7(Yi)). 

For any extension of C of the form C^ m , we obviously have 1(C) C I(Ci t m) and 
I(Ce, m ) H K[xi, . . . , x n ] — 1(C). The exact relation between the ideals of C and 
Ci^m are given by the following lemma. 

Lemma 2.2. Let m — sim\ + ••• + s n m n . For any positive integer £ with 
gcd(£,m) = 1 we have I(Ce. m ) — 1(C) + (G), where G = x\ Sl ■ ■ ■ x n Sn — x^.-^. 

Proof. 

Case £ = 1: We show that J(Ci >m ) = 1(C) + (xi Sl ■ • ■ x n s ™ - x n+x ). 
For any polynomial / G K[x\, . . . , x„ + i], there are polynomials g G K[x\, . . . , x n ] 
and h G K[xt, . . . , x„+i] such that 

f (x\ , . . . , X n -|_i ) — I (x\ %n ) *^n+l ^1 ' ' ) 

= g(xi, ■ ■ -,x n ) + (x* 1 ■ --x^ - x n+ i)h(xi, . . -,x n+1 ). 

This identity implies that / G I(C\ <m ) if and only if g G 1(C). 
Case £ > 1: Applying Lemma |2~T1 with Yi = Ci. m we have 

I(C itm ) = T e (I(C hm )), by LcmmaO 

= Ti(I(C) + (xl 1 ■ ■ ■ x 8 ^ 1 — x n +\)) by the first part of this lemma 
= 1(C) + (G). 

□ 
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This lemma provides an alternate proof to the following theorem which is a 
special case of [El Theorem 2]. 

Theorem 2.3. If C C A™ is a s.t.c.i. monomial curve, then all extensions of the 
form Cg t m C A" +1 are also s.t.c.i. monomial curves. 

Proof. Since I(C e>m ) = 1(C) + (G) by Lemma EU it follows that 

Z(I(Ct m )) = Z(I(C) + (G)) 

C e , m = Z(I(C))f]z(G), 

where Z(-) denotes the zero set as usual. Hence Ci m is a s.t.c.i. if C is. □ 

3. Extensions that can not be obtained by gluing 

If C(mi, . . . , m n +i) is a monomial curve in then there is a corresponding 

semigroup NT, where 

T = {(m n+1 ,0), (m n+ i - m x ,m x ), (m n+1 - m n ,m n ), (0,m n+1 )} C N 2 . 

Let T — T\ |J T2 be a decomposition of T into two disjoint proper subsets. 
Without loss of generality assume that the cardinality of T\ is less than or equal to 
the cardinality of T 2 . NT is called a gluing of NTi and NT 2 if there exists a nonzero 
a G NTi p| NT 2 such that Za = TF X f] %T 2 . Following the literature we write I(T) 
for the ideal of the toric variety corresponding to the affine semigroup NT. Note 
that if NT is a gluing of NTi and NT 2 then we have I(T) = I(T X ) + I(T 2 ) + (G a ), 
where G a is the relation polynomial, see [TB]. 

We note that the condition Za = ZT\ p| ZT 2 is not fulfilled when T\ is not a 
singleton. Hence we formulate this observation to be the following 

Proposition 3.1. If Tj is not a singleton then NT is not a gluing ofNT x and NT 2 . 

Proof. If Ti is not a singleton, then neither is T 2 by the assumption on the cardi- 
nalities of these sets. Thus ZT\ and ZT 2 are submodules of Z 2 of rank two each. 
It is elementary to show that their intersection has rank two. For instance, let r 
and t be generators of ZT\, then the images of r and t have finite order in the 
finite group Z 2 /ZT 2 , meaning that ar and bt are in ZT 2 for some positive integers 
a and b. Then the rank two Z-module generated by ar and bt is contained in the 
intersection ZT\ n ZT 2 which must be of rank two itself being a submodule of Z 2 . 

Hence the intersection cannot be generated by a single element. Thus NT is not 
a gluing of NTi and NT 2 . □ 

This proposition means that the only way to show that an extension in P™ +1 
is a s.t.c.i. via gluing is to apply the technique to a projective monomial curve in 
P™. Thus we discuss the case where T\ is a singleton. But if T\ is {(to„ + i,0)} 
or {(0,m n+ i)} then WT\ f] NT 2 = {(0,0)}. So it is sufficient to deal with the case 
where T\ is of the form {(m n+ i — mi, m^)}, for some i G {1, . . . , n}. 

From now on, denotes the greatest common divisor of the positive inte- 
gers mi, . . . ,frii, . . . , m n+ i (mi is omitted), for i — 1, . . . , n. Note that we have 
gcd(Ai, mi) — 1, for all i = 1, . . . , n, since gcd(m\, . . . , m n+ i) = 1. 

Proposition 3.2. // T\ = {(m n+ i — mi ,mi )} for some fixed io G {!,..., n}, 

then NT is a gluing of NTi and NT 2 if and only if there exist non-negative integers 
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dj, for j — 1, . . . , io, • . • , n + 1, satisfying the following two conditions: 

n+l n+l 

(I) Aj m io = ^2 d j m j' and ( n ) A io > ^2 d 3- 

3=1 3=1 
37^0 37% 

Proof. Let a = Aj (m ra +i — mj ,mj ). We first show that ZTi ^\TLTi = Za. Since 
Aj = gcd{rn\, . . . , m^, . . . , m n+ i), there are Zj £ Z, for j = 1, . . . , zq, . . . , n. + 1, 
such that A.; = X^i z j m j- So, Ai m; = X)j^i m io z j m j which implies that 

Ai (m„+i -m l0 ,m l0 ) = m io Zj(m n+ i -rrij,mj) + (A io - 2J m l0 Zj){m n+ i, 0). 

3#»0 3#J0 

Thus a = A io (m n+1 — m io , m io ) 6 ZTi p| ZT 2 implying Za C ZTi p| ZT 2 . 

For the converse inclusion, take c(m n+1 — m io , TOj ) £ ZTj P| ZT 2 , for some c £ Z. 
Then, obviously we have c(m n +\ — TOj ,TOj Q ) £ ZT 2 which implies that cm !o £ 
Z({mi, . . . , m^, . . . , m„ + i}) = ZA io . So, A io divides cm io . If A i0 > 1, then A i0 
divides c, since it does not divide mi (remember that gcd(Ai ,mi Q ) = 1)- If 
Aj = 1, obviously Ai divides c. Thus, c(m n +i — TOj , m,i ) is a multiple of a and 
ZTi P| ZT 2 C Zee. 

Since ZTi f| ZT 2 = Za, it will follow by definition that NT is a gluing of NTi 
and NT 2 if and only if a £ NTi f|NT 2 . But, if a £ NTi p| NT 2 then there exists 
non-negative integers dj and d for which we have 

A io (m n+ i - m io ,m io ) = ^ dj(m n+ i - rrij, rrij) + d(m n+1 , 0) 

37^0 

(A, m n+ i - A io TOj , A io m io ) = + dj\m n+1 - ^ cL,mj, ^ rfj-m.,). 

35^0 37^0 3#io 

Thus, Ai mi = X)j^i ^3 TO 3 ana - ^ = — J2j^i d j- Since d > 0, we see that the 
conditions (I) and (II) hold. On the other hand, if (I) and (II) hold then we observe 
that a £ NTi f] NT 2 , by the equalities above. Thus, the condition a £ NTi f] NT 2 is 
equivalent to the existence of the non-negative integers dj satisfying (I) and (II) . □ 

As a direct consequence of Proposition 13 . 21 we get the following 

Corollary 3.3. // Ai = 1, for some fixed io £ {1, . . . ,n}, then NT cannot be 
obtained as a gluing of NTi and NT 2 , where T\ — {(m n+ i — mi ,mi )} and T 2 = 
T-Ti. 

Proof. We apply Proposition ^. 21 If (I) does not hold, we are done. If it holds, then 

n+l n+l 

we have two cases: either dj = 1 or dj > 1. The first case forces m,i = rrij 

3=1 3 = 1 

3'Ao 37^0 

for some j ^ io, from (I), but this contradicts the way we choose m^s. The second 
case causes (II) to fail, as A; = 1. □ 

Example 3.4. If we consider the curve C(2,3,4, 8) C P 4 and take io = 2, then 
the conditions (I) and (II) of the above proposition hold. Thus this curve can be 
obtained by gluing. 

But if we consider the monomial curve C(2,4, 7, 8) C P 4 , then for every choice 
of io, either Ai = 1, or else condition (II) of the above proposition fails. Hence 
this curve cannot be obtained by gluing. 
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Corollary 3.5. Let C'£. m C P n+1 be a bad extension of C = C(mr, . . . ,m n ), i.e. 
£ > 5{m). If C is a s.t.c.i. on the hyper surf aces f\ — ■■■ = f n -i = 0, then 
Ce, m can be shown to be a s.t.c.i. on the hyper surf aces f\ = ■■■ = f n -i = 
and F — x £ n+1 — Xq S ^ m ^ ' x^ 1 ■ ■ -x n n = by the technique of gluing, where to = 
S\m\ + • • • + s n m n and S\ + ■ ■ ■ + s n = 5{m). 

Proof. Since toi < • • • < m n and m — s\mi + • • • + s n m n < S(m)m n < £m n , it 
follows that £m n is the biggest number among {£mi, . . . , £m n , to}. The extension 
Ce tTn corresponds to the semigroup NT, where T — T\ 1J T2, T\ = {(£m n — m, to)} 
and T2 = {(£m n , 0), (£m n — £m\,£m\), . . . , (£m n — £m n ^\,£m, n ^\), (0, £m n )}. Since 
gcd(lm\, . . . ,£m n ) = I, £m = s±(£mi) + ■ ■ ■ + s n (£m, n ) and £ > 6(m), NT is a gluing 
of NTi and NT 2 , by Proposition O Since I(T) = I{Ti) + 7(T 2 ) + (F), the claim 
follows from [TBI Theorem 2]. □ 

4. The Main Results 

Since bad extensions are shown to be a s.t.c.i. by the technique of gluing (see 
Corollary 13. 51 above), we study nice extensions of monomial curves in this section. 
By using the theory developed in the previous section one can check which of these 
extensions can be obtained by the technique of gluing semigroups. 

Throughout this section we will assume that 

• C = C(toi, . . . ,m n ) C P™ is a s.t.c.i. on f\ = ■ ■ ■ = f n -i = 

• to = s\mi + • ■ ■ + s n m n for some nonnegative integers si, . . . , s n such that 
si + ■ • ■ + s n = 5{m) 

• £ is a positive integer with gcd{£, to) = 1 

• S(m) > £. 

Remark 4.1. Since C is s.t.c.i. on f\ = ■■■ = f n -i = 0, its affine part C is 
s.t.c.i. on gi = ■■■ = # n _i = 0, where gi(xi, x n ) = fi(l,xi, . . . ,x n ) is the 
dehomogenization of fi, i = 1, . . . , n — 1. It follows from Theorem 12 .31 that Gi. m is a 
s.t.c.i. on the hypersurfaces gi — and G — X\ S1 ■ ■ ■ x n Sn — x n+1 = 0. So, the ideal 
of the affine curve Ci^ m contains g^s and G. Hence the ideal of the projective closure 
of Ci^ m must contain (at least) fiS and F, where F is the homogenization of G. 
Now, since /1, . . . , f n -i, F £ I(C^ m ), we always have C^ m C Z(f u /„_i,F). 

4.1. The case where /;'s are general, but to is special. In this section we 
assume that to is a multiple of to„, i.e. to = s n m n where s n is a positive integer. 
Note that (si, . . . , s n _i) = (0, . . . , 0) and 6(m) = s n in this case. 

Theorem 4.2. Let C C P" be a s.t.c.i. on the hypersurfaces fi = ■ ■■ = f n -i = 0, 
gcd(£, s n m n ) — 1 and s n > £. Then, the nice extensions Ce,s n m n to P n+1 are s.t.c.i. 
on fi = ■ ■■ = /„_i = F = where F = x s n " - x s Q n ~ e x e n+1 . 

Proof. The fact that these nice extensions are s.t.c.i. can be seen easily by [T4l 
Theorem 3.4] taking b\ = mi, . . . , = m„-i, d — m n and k = (s n — £)m n . In 
addition to this, we provide here the equation of the binomial hypersurface F = 
on which these extensions lie as s.t.c.i. monomial curves. 

Since Ce iSn m n C Z(fi, ■ ■ ■ 1 /n-ij F), we need to get the converse inclusion. Take 
a point P — (po, ■ ■ ■ ,Pn,Pn+i) £ Z(fi, ■ ■ ■ , fn-i,F). Then, since fi E K[ 
we have fi{P) = fi(p , ■ . ■ ,p„) = 0, for all i = 1, . . . ,n- 1. Since Z(fi, . . . , f n -i) = 
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C in P ra by assumption, the last observation implies that 

(po, ...,P„) = (u m - , u m -- m ^ u m "- m —v m — , v m "). 

If po = then u = 0, yielding that (po, . . . ,p n _i,p n ) = (0, . . . , 0,p n ). Since 
s n > £, we have also p n = 0, by F(0, . . . , 0,p n ,p n+ i) = p n Sn - p s Q n ~ = 0. So 

we observe that (po, . . . ,p n ,p n +i) = (0, . . . , 0, 1) which is on the curve C i^s n rn n - If 
Po = 1 then (l,pi, . . . ,p n ,Pn+i) G Z(gi, . . . ,g n -i, G) by the assumption, where g t 
and G are polynomials defined in Remark 14.11 Since Cg. Snmn is a s.t.c.i. on the 
hypersurfaces g% = ■ ■ ■ = g n -i = and G = it follows that . . . ,p n ,p n +i) G 

4.2. The case where /j's are special and m is general. Assume now that m 
is not a multiple of m n , i.e. (s\, . . . , s n _i) 7^ (0, . . . , 0). Recall that we choose 
si, . . . , s n in the representation of m — s\mi + • • • + s n m n in such a way that 
Si + • • • + s n is minimum, i.e. si + • • • + s n = 5(m). First we prove a lemma where 
no restriction on the fi is required. 

Lemma 4.3. Let C C P™ be a s.t.c.i. on fi = ■ ■ ■ = f n -i = and 8(m) > I. Then, 
Z(/ 1 ,...,/„_ 1 ,f) = C < , m ULcP" +1 , where F — xi Sl ■ ■ ■ x n s " - x S Q {m) - 1 x l n+1 and 
L is the line xq = ■ ■ ■ = x n -\ = 0. 

Proof. We first prove Ce, m [j L C Z{f u f n -i,F). By the light of RemarkO 
it is sufficient to see that L C Z(f%, . . . , / n -i, -F 1 )- For this, we take a point P — 
(po, . . . ,p„+x) on the line L, i.e., P = (0, . . . , 0,p n ,p n+ x). Since (si, . . . ,s„_i) ^ 
(0, . . . ,0) and <5(m) > £, we see that F{P) — 0. Letting v E K be any m n -th 
root of p„, we get (0, ...,0,p n ) = (0, . . . ,0, v m ") e C = Z(fi, . . . ,f n -i)- Since the 
polynomials fi are in K[x , . . . , x n ], it follows that fi(P) = fi(0, . . . , 0,p n ) = 0, for 
alH = l,...,n-l. ThuflPGZ(/i,...,/ B _i,F). 

For the converse inclusion, take P — (po, ■ ■ ■ ,Pn,Pn+i) € Z{f\, . . . , / n -i, F). 
Then, for alii = 0, . . . , n — 1, we get /t(po> ■ ■ ■ ,Pn) — fi(P) — implying that 

(po, . . . ,p„) = ( W m ", U ™"- mi V mi , . . . , M m "-™"- 1 «™"~ 1 , 

If Po = then u = 0, yielding that (p ,...,p n ) — (0, . . . , 0,p n ). Thus, we 
get P = (p 0) . . . ,p n ,Pn+i) = (0, • ■ ■ ,Q,p n >Pn+i) 6 X. If p = 1 then by assump- 
tion wc know that P = (l,Px, . . . ,P„,P„+i) G ^(ffi, ■ ■ ■ ,g n -i, G). Since C e , m is 
a s.t.c.i. on the hypersurfaces g\ = ■ ■ ■ = g n -i = and G = it follows that 
P=(l 

To get rid of L in the intersection of the hypersurfaces /i = • • • = ./n-i = and 
F = 0, we modify the P = x\ Sl ■ ■ ■ x n s ™ — 4' m '~ /j; n+i °f the Lemma 1431 as in 
the work of Bresinsky (see [3]), for some special choice of /i, . . . , In this way 

we construct a new polynomial P* from P such that Z(fi, . . . , / n _i, P*) = C^ jm , 
where P* is a polynomial of the form 

P* = + ^^(xo, • . ■ , a;„+i), 

where is a positive integer. 

Note that when xo = 0, the vanishing of P* implies that x n = 0. It follows from 
the last part of the proof of Lemma 14.31 that this property of P* ensures that we 
have a point at infinity, in the intersection of f\ = ■ ■ ■ = f n -i = and P* = 0, 
instead of a line. 
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The construction of F* can be described as follows. We first assume that ft = 
X T ~ x o'^ ix n = 0> where <Zj > bi are positive integers, for all i = 1, . . . ,n— 1. Let 
p = a\ ■ ■ ■ a n -\ and pi — ^-p, for i = 1, . . . , n— 1. Take the p-th power of F and for 
every occurrence of x" 1 substitute for all i = 1, . . . , n — 1. Then we have 

F p = x^Xn+x S {m) ~ e H(x ,...,x n +i) morf(/i,...,/„-i) 

= x l[Xn+ x l {m) ~ l ~~ lH { x 0i---, x n+l)] mod(/i,...,/ n _i) 

where 7 = J^^Ti (p ~ Pi) s i> a = P s « + Si^Ti P» s « an d ^ is a polynomial. Letting 

F*(x , ■ • ■ , z n +i) = x% + Xo (m)_ ^ 7 iJ(a;o, . . . , a;„ + i) 
we observe that 

(4.1) F p (x , . . . ,x n+1 ) = x^F*(x , . . . ,x n+1 ) mod(f 1 ,...J n _ 1 ). 

Recall that m is an element of the numerical semigroup generated by mi, . . . , m„, 
i.e. m = simi + • • • + s n m n with si + • • • + s n = S(m). If m is large enough that 
s n > £ + Y17=i (p ~ Pi ~~ l) s « ( or equivalently 8(m) — I — 7 > 0) then F* is the 
required polynomial. (Otherwise, F* may not be a polynomial.) Hence we conclude 
the following 

Theorem 4.4. Let p, pi, /, and F* be as above. Assume that m is chosen so that 
s n > £ + Y^i=i (p ~ Pi ~ l) s i- Then, for all £ < S(m) with gcd(£, m) = 1, the nice 
extensions Ci t m C P™ +1 are s.t.c.i. on fx = ■ ■ ■ = f n —i = and F* = 0. 

Proof. We will show that Ci t7n is a s.t.c.i. on fx = ■ ■ ■ = f n -i = and F* = 0. To 
do this, take a point P = (p , . . . ,p n +i) £ C^, m . Then, F(P) = and fi(P) = 0, 
for alH = 1, . . . , n — 1, since Z(/x, ■ ■ ■ , /n-i, F) = Ci^ m 1J I/, by Lemma T4. 31 From 
equation (|4. 1|) it follows that F*(P) = or po = 0. Since P is a point on the 
monomial curve Ci yTn , it can be parameterized as follows: 

(u m , u m ~ lmi v lmi u m ~ lmn v tmn , v m ) 

So if po = 0, we get u — and thus pi = 0, for all z = 1, .. . ,n. Therefore 
P = (0, . . . , 0, 1) and hence F*(P) = in any case. 

Conversely, let P=(p ,.., ,p n +x) e . . . , /„_i, F*). If p = 0, then p 4 = 

by /i(-P) = 0, for all i = 1, . . . , n — 1. Since S(m) — I — 7 > 0, we have p n = 
by F*(P) = 0. Thus P = (0, ...,0,1) which is always on the curve Ci m . If 
po = 1 then C is a s.t.c.i. on the hypersurfaces given by g% — x^ — x i z +1 = 0, 
for i — 1, . . . ,n — 1, by the assumption. Hence, Theorem 12.31 implies that Ci, m 
is a s.t.c.i. on g\ = ■ • ■ = g n -x = and G = xx Sl ■ ■ ■ x n Sn — x^ +1 = 0. Thus 

P = (l,px, ■ ■ ■ ,Pn+x) € C^ m C C e , m . □ 

Remark 4.5. The nice extensions in Theorem 14.41 can also be shown to be s.t.c.i. 
by using [TU Theorem 3.4]. But to show that the hypotheses of [T41, Theorem 3.4] 
are satisfied by these extensions is much more difficult than the proof here. As a 
byproduct we also constructed here the hypersurface F* = on which these nice 
extensions are s.t.c.i. 

Example 4.6. We start with C = (7(3, 4, 6) C P 3 . Let I = 1 and m = 6s + 7, for 
some positive integer s. Then 5(m) = s+2, sx = S2 = 1 and S3 = s. Thus we get the 
nice extensions Cx,6 S +7 = C(3, 4, 6, 6s + 7) C P 4 . Since Ai = gcd(A, 6, 6s + 7) = 1, 
A2 = gcd(3, 6, 6s + 7) = 1 and A3 = gcd(3, 4, 6s + 7) = 1 it follows from Corollary 
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13.31 that these curves can not be obtained by gluing. Using the software Macaulay, 
it is easy to see that the ideal of is minimally generated by the polynomials 

fa = xl~x x 3 , 

fa = X%-X xi, 

fa = X 2 xl +1 - XQX1X4, 

p _ s+2 s 2 

J5 — X\X^ XqX^X^ 

F = X1X2X3 — Xq +1 X4. 

Since C(3,4,6) C P 3 is a s.t.c.i. on the surfaces /1 = and fa = 0, it follows from 
Theorem 14.41 that (7i,6s+7 is a s.t.c.i. on fa = 0, fa = and 

F* = £3 -6x s ~ X2X3 x 4 X\X^ X ^~\~ 

x^x^ x ^ - 6x b s X!X2X s 3 xl + x° s+L x b 4 = 

provided that s > 2. 

5. Variations and consequences of the main results 

In this section, we give some consequences of Theorem 14.21 and hence all the 
notation is as in that theorem. We also include some theorems about nice extensions 
of projective monomial curves that are variations of Theorem 14.41 

5.1. Consequences of Theorem l4.2l Since arithmetically Cohen-Macaulay mono- 
mial curves are s.t.c.i. in P 3 (see |T2]), we get the following corollary as a conse- 
quence of Theorem 14.21 

Corollary 5.1. Let C(mi, m 2l m 3 ) be an arithmetically Cohen-Macaulay monomial 
curve in P 3 . Let m = s 3 m 3 , gcd(£,m) — 1 and 8{m) — S3 > i. Then the nice 
extensions C 'e,s 3 m 3 = C(£mi,£m2,£m3, S3TO3) are all s.t.c.i. in P 4 . □ 

Remark 5.2. There are very few examples of s.t.c.i. monomial curves in P", where 
n > 3. We know that rational normal curve C(l, 2, . . . , n) is a s.t.c.i. in P™, for any 
n > 0, (see QIDEE1]). Applying Theorem EL"2l to (7(1, 2, . . . , n) C P", we can produce 
infinitely many new examples of s.t.c.i. monomial curves in W n+ : 

Corollary 5.3. For all positive integers £, n and s with gcd(£, sn) — 1, the mono- 
mial curves C{£, 2£, . . . , n£, sn) C P ,l+1 are s.t.c.i. 

Proof. Let m = sn. Clearly S(m) ~ s. If s < £, then the curves C^ m = 
C(£, 2£,..., n£, sn) C P' i+1 are bad extensions of (7(1, 2, . . . , n) C P". Hence they 
are s.t.c.i. by Corollary 13.51 If s > £, then these curves are nice extensions of 
(7(1, 2, . . . , n) C P". Therefore they are s.t.c.i. by Theorem[Ll □ 

In [10] , all complete intersection (i.t.c.i.) lattice ideals are characterized by gluing 
semigroups. But, for a given projective monomial curve it is not easy to find two 
subsemigroups whose ideals are complete intersection. So, as another application 
of Theorem 14.21 we can produce infinitely many i.t.c.i. monomial curves: 

Proposition 5.4. If C C P" is an i.t.c.i., then the nice extensions Ci. Sn m n C P™ +1 
are i.t.c.i. for all positive integers £ and s n with s n > £, gcd(£, s n m n ) = 1. 
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Proof. Since C is a s.t.c.i. on the binomial hypersurfaces /i = ■ ■ • = fn—l = 0, it 
follows from Theorem 14.21 that Ci^ Snrnn is a s.t.c.i. on fx = ■ ■ ■ = f n -i = and 
F(xq, . . • , a^ri+i) = xfr ~ x o n ~ x n+i = 0. Since these are all binomial, the monomial 
curves Ci tSnTnn are i.t.c.i. on the same hypersurfaces, by [5J Theorem 4]. 

□ 

Corollary 5.5. The monomial curves C(£mx, £n%2, S2TO2) are i.t.c.i. mP 3 , for all 
positive integers mx,ni2,£ and S2 with S2 > t, ycd(£, S2TO2) = 1. 

Proof. Let m = S2TO2. Then 5(m) = S2 and C^ m — C(£mi,£m2, S2^2) is a n i ce 
extension of C(mi,m2), by the assumption S2 > Since C(mx,m2) is an i.t.c.i. 
on x™ 2 — a;™ 2- " 11 a;™ 1 = 0, it follows from Proposition EH that the nice extensions 
C(£mi,£m2, S2iri2) are i.t.c.i. on ij™ 2 -!™ 2- " 11 !™ 1 = and x^ — x S q~ 1 x\ = 0. □ 

To produce infinitely many examples of i.t.c.i. curves, our method starts from 
just one i.t.c.i. curve, whereas semigroup gluing method produces only one example 
starting from one i.t.c.i.. The following example illustrates this point. 

Example 5.6. From Corollary [531 w e know that (7(1,2,4) is an i.t.c.i. on 

fx = x\ — X0X2 = and /2 = x\ — .T0.T3 = 0. 

Take two positive integers I and s with s > £, gcd{£,As) = 1. Then the mono- 
mial curves C (£ , 2£ , 4£ , 4s) C P 4 are nice extensions of (7(1,2,4) C P 3 . Thus, by 
Proposition 1 5. 4[ the monomial curves C(£, 2£, 4£, 4s) are i.t.c.i. on 

fx = x\ — xqX2 =0, /2 = x\ — X0X3 = and F = x% — Xq^ 1 x^ = 0. 

The nice extensions C(£, 2£, 4£, 4s) can also be obtained by gluing subsemigroups 
generated by Ti = {(4s -£,£)} and T 2 ^{(4s, 0), (4s - 2£, 2£), (4s - U, it), (0, 4s)}. 
But, in this case one has to know that C(£, 2£, 2s) is an i.t.c.i. for each £ and s. In 
other words, starting with the fact that (7(1,2,4) is an i.t.c.i., gluing method can 
only produce (7(1,2,4,8) as an i.t.c.i. monomial curve. 

5.2. Variations of Theorem 14.41 Recall that our method starts with a mono- 
mial curve (7 = Z(fx, ■ ■ ■ , fn-i) in P™ and produces infinitely many nice extensions 
Ci )m — Z(fx, . . . , f n ~i,F*) in P™ +1 . Since the construction of F* depends on the 
choice of /1, . . . , f n -x, it is possible to start with another curve (7 = Z(fx, ■ ■ ■ , /n-i) 
in P™ and obtain new families of nice extensions. In this section we provide two 
examples of this sort. For instance, if we assume that (7 is a s.t.c.i. on the hypersur- 
faces fi = x®' — XQ i ~ bi x^ +1 = 0, where a, > bi are positive integers, % = 1, . . . , n— 1, 
then under some suitable conditions we obtain other families of s.t.c.i. nice ex- 
tensions. Let p = <ii---a n _i, go = 61 • and = a i ' ' ' o-ibi+x ■ • • b n -x, 
i = 1, . . . , n — 2. The first variation is the following 

Theorem 5.7. Let p, qo, . . . , q n -2 be as above. For all m which give rise to s n > 
^ ^2i=o (p ~ Qi ~ l) s i+i an d f or a M £ with i < 5(m) and gcd(£, m) = 1, the nice 
extensions Cg^ m C P n+1 are s.t.c.i. on fx = ■ ■ ■ = f n -i = F* = 0. □ 

Now, we give another variation where m — SiiUi + Sjirij, for i, j 6 {1, . . . ,n}. 
For the notational convenience we take i = 1 and j = n. 
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Theorem 5.8. Let CcP" be a s.t.c.i. on the hyper surfaces given by 
fi = Xi — x x b n = 

fi = a;"' +x b i A(x 1 ,...,x n ) + xl i B(x 2 ,...,x n ) =0, 

where a, b, a — b, a ir b ir and Ci are positive integers, for i = 2, . . . , n — 1, A and B 
are some polynomials. For all m which give rise to s n > I + (a — b — l)si and for 
all I with I < S(m) and gcd(£, m) = 1, the nice extensions Ci, m C P rl+1 are s.t.c.i. 
on /! = ■■■ = fn-l = F i = 0. □ 
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